Some Guidelines for Teaching
Hypothesis Testing to Undergraduate
Students

Alex Van Breedam *
KPMG Orinoco, University of Antwerp
University of Limburg, Université de Valenciennes

Kristel Van Rompay ?
University of Antwerp

Abstract

This article contains some advice for teaching hypothesis testing in the
introductory college courses in statistics. For these students, hypothesis
testing has to be based on the translation of a problem into a hypothesis
to be tested, and the choice of the appropriate statistical test, in order to
solve a problem at hand. In order to formulate the correct hypotheses,
the rationale behind hypothesis testing has to be made perfectly clear,
which is often neglected. Secondly, most general textbooks on business
statistics split the chapter on hypothesis testing into a separate chapter
on parametric hypothesis testing and another one exclusively dedicated
to non-parametric hypothesis testing. Consequently, the problem-solver
student is almost incapable to draw relationships between parametric and
non-parametric hypothesis testing. Some guidelines to overcome both
problems are presented.
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1 Introduction

Statistical education is a fundamental part of the curriculum of undergraduate
students in business economics, psychology, science, engineering... Depending
on the university, the program of the undergraduate (and first-year graduate)
level usually contains far more than one hundred class hours of statistics. Hy-
pothesis testing, including parametric and non-parametric tests, forms a major
part of the statistical training. As applied economists, scientists, engineers...
are typically educated as problemi-solvers, the aim of their statistical education
should be to improve their problem-solving skills. They should be trained to
make decisions based on (very) limited information. Most of the time, these de-
cisions should be made in such a way that costs are minimized or, alternatively,
profits are maximized.

We believe that statistical education can play a major role in improving a
student’s problem-solving skills. However, this statistical training should be or-
ganized in such a way that it helps the decision-maker in formulating the actual
problems into a statistical problem. A thorough understanding of hypothesis
testing requires that the rationale behind hypothesis testing is perfectly clear to
the future decision-maker. If the rationale is perfectly clear, it becomes much
easier to formulate the null hypothesis and the alternative hypothesis for a spe-
cific problem. In this article, some guidelines are given to help lecturers in
statistics to improve the student’s ability to formulate an actual problem as one
or more hypotheses to be tested.

Having solved the problem of the hypotheses formulation, the decision-maker
is confronted with his next major problem: the selection of the appropriate sta-
tistical test. Decision support tools such as classification tables, flowcharts, and
expert-like systems may help him with his selection process.

This article is organized as follows. Section two considers the way traditional
textbocks on statistics for business students are organized. In section 3.1, the
rationale behind hypothesis testing is presented in detail. Guidelines for se-
lecting the appropriate statistical test are given in section 3.2. Finally, some
conclusions are drawn.

In this article, we choose all examples in the field of Business Economics,
and we refer to some textbooks on business statistics, but the reader can easily
apply the mentioned techniques to his preferred field of interest.




2 Traditional textbooks on Business Statistics

Lecturers in statistics can choose from many textbooks on statistics. Unfortu-
nately, most of the textbooks treat hypothesis testing inappropriately, as far
as the education of decision-makers is concerned. First, textbooks often fail to
clarify the concept behind hypothesis testing in a way that is appropriate for
decision-makers. Thus making it hard to formulate the correct hypotheses.

Secondly, parametric and non-parametric hypothesis tests are considered in
separate chapters, as if there were no relationship between them. Moreover,
the parametric tests, as there are the Z-test, the t-test and the F-test, are
subjected to constraints with respect to the nature of the data (interval scale,
normality, homoscedasticity, large samples...). These constraints are not always
satisfied. Consequently, non-parametric tests are at least as important as their
parametric counterparts. However, this is not the way things are represented in
the business statistics textbooks. The reader is referred to some recent books
on Statistics for Business Economics to verify the above statements, e.g. [1],
(2], (3], [4], [5), [6], (71, (8], [9], [10], etc...

In what follows, some guidelines are formulated to overcome these problems
in courses for business economics students.

3 The rationale behind hypothesis testing

Generally, the hypothesis testing procedure is subdivided into a number of sub-
sequent steps, minimally including the following sequence:

1. The formulation of a practical problem in terms of a null hypothesis versus
an alternative hypothesis.

2. The selection of an appropriate test statistic.

3. Determination of the level of significance, or analogously, the critical re-
gion.

4. Decision making in favour of one of the hypotheses.

Additionally, it is recommended to finish with an evaluation of the actual sig-
nificance level, the so-called p-value. This can help to decide whether the data
provides considerable or just some evidence against the null hypothesis ([12]).

In this article the main emphasis is put on the first and the second step of
the hypothesis testing process. The formulation of hypotheses and the choice
of an appropriate statistical test are considered to be the most crucial steps.




3.1 Null hypothesis - alternative hypotheses

To explain the rationale behind hypothesis testing, we consider the following
example. In order to guarantee the high quality of computer chips, a quality
engineer who is held responsible for quality control, takes, at regular times, ran-
domly chosen batches of 100 products. The rate of defectives (sample proportion
p) for each batch of products is calculated and compared with the quality stan-
dard (e.g. not more than 1% defectives). Based on the principles of hypothesis
testing, one is able to undertake the appropriate action: if the rate of defectives
of the sample (the batch of 100 products) indicates that less than 1% of all
products is defective, then the production process is working properly; while,
if the sample indicates that the rate of defectives of all products is significant
bigger than 1%, the production process needs remedial attention. (Note the
appearence of the word significant, which will be important throughout the rest
of the text.)

Basically, there are now four alternatives: prove or disprove that the rate
of defectives IT of the whole production process satisfies IT < 1, or IT < 1, or
IT > 1, or finally IT > 1. Note that, in this situation, the two-sided Il # I is of
no interest, as the knowledge whether IT # 1 does not indicate the direction of
the action to be undertaken.

In the sequel, it will be shown that, for logical reasons, only the claims IT < 1
and IT > 1 are provable (because the other two contain equalities), and that in
this specific situation, the test whether II > 1, is to be preferred. Thus, the
purpose of these quality inspections will not be to find batches with a rate of
defectives lower than the quality standard, but to focus at finding batches of
products for which the rate of defectives exceeds the quality standard. As we
may assume that the quality engineer made a great effort to guarantee high-
quality products, his aim at finding batches with too many defectives may seem
illogical at first sight. However, this choice is based on logical reasoning solely,
as explained in the sequel.

To investigate a statement about a population, e.g. the value of a population
parameter (e.g. mean, proportion, variance...), the description of a population
distribution, a comparison of two population means... one mathematically con-
structs an appropriate test statistic (the sample distribution), which explicitely
contains this unknown population parameter, distribution function, difference
of two population means.... To be able to use this test statistic to perform a
statistical test, one has to assume that this unknown component is known, by
assigning a specific value to it (normally the value one wants to investigate): e.g.
the value of the population mean is ..., the population is normal distributed,
the difference of the two population means is .... This assumption is called the
null hypothesis Hg, or the hypothesis of no difference. To start, one assumes
the null hypothesis about the population to be true. The main goal of the
test is now to see if a sample taken from that population provides significant




evidence, to reject the null hypothesis in favour of an alternative hypothesis
H;. The hypothesis H; states a significant difference in either one or two di-
rections: smaller or larger (two one sided tests) or different from the assumed
value (the two sided test). One accepts H; when the sample outcome points in
the direction of H; and when this difference cannot be statistically explained by
fluctuations of sample data under the Hy assumption (thus the meaning of the
word significant). Thus the policy is to be conservative towards Hg unless the
sample provides significant evidence to reject Hg (under the assumption of Hy,
the possibility to reject Hy is denoted by «, the significance level, with usually
a = 5%). It is very important to understand that, for logical reasons, one can
only reject or not reject Hy, one can never accept (or proof) Hy: the equality
appearing in the null hypothesis can never be shown, one can only perceive a
difference which statistically cannot be explained by the expected sample fluc-
tuations. The strongest result of a hypothesis test is therefor the rejection of
Hy, (that is the acceptance of H;), which is seen as the positive result. In brief,
the goal of a test should be to accept H,.

From the above paragraph, the hypothesis of a one-sided test with H; : II > 1
would be

Hy:MI=1 H;:II>1.

In some textbooks however, one uses a composite null hypothesis, containing
the inequality which is not tested in Hy (here: II < 1), thus writing

HQ:HSI H15H>1.

To avoid confusions, it should be made clear to students that the underlying
assumption is still the equality in Ho and that one rejects Hy if the sample
provides enough evidence in the direction indicated in H; (Il > 1). Furthermore,
a non rejection of Hy does not mean that IT < 1, but only means that the sample
does not contradict that IT < I or does not indicate that IT is significant larger
than 1 (hence can still be (a little) larger than 1 anyhow).

From the above explanation, three strategies remain:

Test 1: test whether the rate of defectives IT of the whole population is
significant smaller than I:

Ho:lI=1 Hy:1I<1 (or Hy:1I>1 Hy:1I<1)
Test 2: test whether the rate of defectives II is significant bigger than 1:
Hy:lI=1 H;:II>1 (or Ho:II<1 Hy:11>1)

Test 3: test whether the rate of defectives IT is significant different from
1:

H()ZH:I H1H;é1




As the choice between one-sided (case 1, 2) and two-sided testing (case 3) is
most often no problem, we further only discuss test 1 and 2. First of all, test
1 and 2 are not equivalent as they are not mutual each others logical opposite.
A non rejection of Hy in test 1 does not necessarily imply the rejection of Hy
in test 2). Secondly, what happens if IT = 1 and none of H; can be accepted?
In practice, it could be appropriate to continue the production if IT < 1 and to
alter the production if I > 1. Thus if one wants to show that either II > 1
or IT < 1, then, because of the equality in IT < 1, one can only hope to prove
Hy: T1 > 1 and in case of a non rejection of the null hypothesis, one is forced to
continu with the present production process, although there is no real positive
underlying indication for this.

Finally, how does one decide between test 1 and test 27 At first sight, one
would prefer to prove the Hy hypothesis that is believed to be true by the quality
engineer, who made great efforts to guarantee quality. What happens then if a
consumer has reason to believe the opposite? Similarly, one can let the choice
depend on the outcome of a sample taken, i.e. for a sample with p < 1, perform
test 1 (as in this case, the outcome of test 2 is always known: rejection of Hy
in test 2 is impossible); for a sample with p > 1, a similar argument leads to
the preference of test 2. However, it seems unlogical that 2 different personal
opinions or two different samples would leed to different procedures. We now
explain that for the above quality control example, test 2 is the most rational
choice (although the opposite of H; is believed to be true).

Recall that the goal of a statistical hypothesis test should always be to accept
Hy, (as this is the stronger result, and the only positive result), so one should
prefer the acceptance of the Hy hypothesis with the most drastic consequences,
thus the Hy hypothesis that you only want to accept if it is explicitely supported
by the sample data. In the context of the quality control example, the most
drastic positive result for both engineer and consumer, is the constatation that
the rate of defectives is too high (because then the system needs remedial, which
means extra costs/work). Hence, in the above situation, of the two possible
rejections of Hy, the second one would be the most drastic and test 2 is to
be preferred. Indeed, test 2 is always decisive, no matter what the sample
outcome 1s: if one rejects Hy then one should definitely change the production
line (positive evidence); if one does not reject Ho, it is best (cheapest) to keep
the present production as there is no real positive indication to change it, and
test 1 can never indicate otherwise. Test | is not decisive (hence sometimes
useless): if one rejects Hg, then one knows for sure that the production needs
no remedial attention, but if one cannot reject Hg, (IT is not sufficiently small,
hence II could still exceed the quality standard), one cannot afford to risk of
taking a wrong decision, and one has to perform test 2 anyhow.

Note that the preference for test 2 depends on the actual situation of the
problem and the goal of the test. If the quality engineer gets positive response
(e.g. a reward) if the rate of defectives is significant smaller than 1, and zero




response (no reward, no punishment) if the rate of defectives if bigger than 1,
then test 1 is to be preferred.

What happens if none of both possible H; hypothesis is to be preferred?
Suppose for example that two scientists have opposite believes about a para-
meter p. Based on their own experiments, the first scientist wants to show Hj:
i < po (because his tests indicate this direction), and scientist two wants to
show Hy: p > po. If none of both Hy hypothesis is to be preferred (no clear
positive result), then we suggest you do both tests with their own related sample
result. Twice a rejection of the Hg hypotheses is unlikely. A single rejection
of Hy is decisive in favour of one of the two scientists. A non rejection would
imply a difference from the value o that is not significant (two-sided test).

To conclude: as the purpose of a hypothesis test is to find sample evidence to
reject the null hypothesis, the H; hypothesis of a one-sided test is the hypoth-
esis with the most desired positive result (provided that H; does not include a
statement about equality). In this case, the null hypotheses contains the hy-
pothesis not believed to be true. For a two-sided test, H; always contains the
inequality.

An example, similar to the one discussed above, helps to introduce other
concepts of hypothesis testing, such as type I error (i.e. false positive) or signif-
icance level, type II error (i.e. false negative), critical value or region, one-tailed
test, two-tailed test, power of a test, etc...

3.2 Selecting an appropriate statistical test

Once the decision-maker has formulated both the null hypothesis and the al-
ternative hypothesis, an appropriate statistical test should be chosen to solve
the problem. The appropriateness of a statistical test for testing a given null
hypothesis is primarily affected by:

1. The nature of the problem, represented by the particular form of the null
hypothesis (e.g. the difference between two group means is assumed to
be zero, the correlation between two variables is zero, ... etc.), and the
alternative hypothesis (e.g. a one-tailed test versus a two-tailed test).

2. The nature of the data, represented by the underlying distribution, mea-
surement level, homoscedasticity (i.e. equality of variances), dependency
of measurements,...

As mentioned previously, we noticed that many statistical textbooks reserve
two different chapters on hypothesis testing: one including parametric hypoth-
esis tests, and an other one on non-parametric hypothesis tests. The reason
why parametric and non-parametric statistical tests are treated separately is of
purely technical purposes (e.g. different ways of deriving an appropriate test
statistic; differences relating to the nature of the data, differences in applica-
bility, ...). Although this separate treatment of parametric and non-parametric




hypothesis tests is beneficial for a statistician, we do not believe that it is very
helpful to the decision-maker. The first concern of a decision-maker must be
to identify the nature of the problem. After he has found several techniques to
solve the problem (e.g. several alternative hypothesis tests), other criteria such
as the nature of the data, the robustness against violations of the assumptions,
and the power of the hypothesis test may be taken into account to choose the
most appropriate test.

For this reason we believe that parametric and non-parametric hypothesis
tests should be discussed jointly. Furthermore, the process of analyzing the
problem and the selection of an appropriate hypothesis test must be simplified
by appropriate tools, such as classification tables, flowcharts, and expert-like
systems. Many authors have demonstrated the advantages of such tools in the
statistical training of students (e.g. [13], [14]). The main issues that should be
dealt with are the following

1. the number of samples: explain to students that if one wants to compair
k populations, then one has k samples, each with their own sample size.
Especially with paired samples (e.g. the Friedmann test) students often
fail to determine the number of samples and the sample sizes. Of course
this can depend on the purpose of the test: if a data set contains results of
the last 5 years of 10 companies, one can ask to compare the 10 companies
(hence 10 samples), or to compare the 5 years (hence 5 samples).

2. matched or unmatched samples: This is one of the hardest problems for
students. It is our experience that the dataset itself can mislead the stu-
dent (data can be presented in a table as matched, although there is
no statistical reason to assume dependent variables). We suggest that
a logical analysis of the test problem itself always indicates whether the
problem requires matched samples. To end, one explains in brief why the
non-matched theory is not correct.

3. the object of the hypothesis test: population mean, location, spread, pro-
portion, distribution, difference, dependence...

4. the scale of the data (nominal, ordinal, interval, ratio). It should be made
clear that the scale of the data is decisive for the test choice, hence very
important (thus avoiding for example the use of a dichotome variable while
assuming normality of this variable)

5. the constraints: mention the constraints that have to be verified (and the
tests that can be used to check these constraints), and mention alternative
tests (using a lower scale assumption).

The above five steps are easily put into a flowchart. Using the information of
the flowchart, the reader should be able to find the correct hypothesis test on
the more detailed table on pages 9-16.
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4 Experiments

Expermiments can be done (and are done by the authors) to demonstrate the
positive influence of the above table and flowchart. Indeed, this showed that
students using the above aid perform better on exams than students having a
classical table (with parametric and non-parametric tests separated). However,
this does not provide sufficient proof that the students have also a better under-
standing of hypothesis testing. Therefor we prefer not to pursue this matter.

5 Conclusions

The aim of this article is to demonstrate two important interrelated problems
in statistical education. Both problems are linked with the hypothesis testing
chapters in traditional business statistics textbooks.

The first problem includes the formulation of the null hypothesis as the
hypothesis of no difference, and the alternative hypothesis which is represented
as the hypothesis with the strongest positive result.

The second problem has to do with the separate treatment of parametric
and non-parametric hypothesis testing. The use of some aids, as there are
classification tables, flow-charts and expert-like systems can partly overcome
this problem.
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